Faltings' theorem, née the Mordell conjecture states that a smooth geometrically irreducible curve over a number field has only finitely many rational points. Despite of this celebrated result, the following open problem remains widely open: For a family of smooth geometrically irreducible curves C over a number field Q, determine the sets C(Q) of all rational points on the curves C. This problem remains open even in the case where we assume further that the family of curves C under consideration only consists of generalized Mordell curves and generalized Fermat curves.
For a positive integer n ≥ 3, a generalized Mordell curve of degree n over Q is the smooth projective model of the affine curve defined by
where A, B, C are nonzero integers. Although the defining equations of generalized Mordell curves are simple-looking, the problem of finding all rational points on the family of all generalized Mordell curve of arbitrary degree remains widely open. There are several authors studying the arithmetic of generalized Mordell curves. In 2004, Bennett and Skinner [1] developed techniques for finding all rational points on certain generalized Mordell curves of the form Az 2 = Bx n + C for certain choices of integers A, B, C. Their techniques rely on the theory of elliptic curves, Galois representations, and modular forms, and was previously used by Wiles in his celebrated proof of Fermat's last theorem (see [14] ). In [5] , Ivorra and Kraus studied the arithmetic of certain generalized Mordell curves of the shape Az 2 = Bx p + C, where p is an odd prime.
For a positive integer n ≥ 3, a generalized Fermat curve of signature (n, n, n) over Q is the projective curve defined by Ax n + By n + Cz n = 0, where A, B, C are nonzero integers such that gcd(A, B, C) = 1. There are several authors studying the arithmetic of generalized Fermat curves; for example, Selmer [12] constructed the generalized Fermat curve of signature (3, 3, 3) defined by 3x 3 + 4y 3 + 5z
which is the first cubic curve of genus one violating the Hasse principle. In [14] , Wiles proved Fermat's last theorem, which says that the only rational points on the Fermat curve x n + y n = z n with n ≥ 3 are the trivial ones.
In this paper, we are concerned with studying nonexistence of rational points on certain families of generalized Mordell curves of degree 12n with n ≥ 1 and of generalized Fermat curves of signature (12n, 12n, 12n) with n ≥ 1. The basic technique used in this paper is the Brauer-Manin obstruction. It is also crucial that we need to obtain information about rational points on certain higher dimensional varieties to determine the arithmetic of certain families of curves that we consider throughout this work. To add interest to the arithmetic of these curves, we require that they have points over each local field Q p for each prime p including p = ∞, and hence these families of curves are counterexamples to the Hasse principle.
Let us digress for a moment to review some basic notions in the Brauer-Manin obstruction. Recall that the Hasse reciprocity law (see [13] ) states that the sequence of abelian groups 0 → Br(Q) → ⊕ p Br(Q p ) → Q/Z → 0 is exact, where for each scheme X , we denote by Br(X ) the Brauer group of X and for a commutative ring A, define Br(A) := Br(Spec(A)).
In 1970, Manin [7] , based on the Hasse reciprocity law, introduced the notion of the Brauer-Manin obstruction. Roughly speaking, the Brauer-Manin obstruction measures how badly the Hasse principle for varieties fails.
Take a smooth geometrically irreducible curve C defined over Q, and let A Q be the ring of rational adeles. Let C(A Q ) denote the set of adelic points on C. It is well-known that
Manin [7] introduced a subset of C(A Q ), say C(A Q )
Br , such that C(Q) ⊆ C(A Q ) Br ⊆ C(A Q ).
Here C(A Q ) Br is defined to be the right kernel of the adelic Brauer-Manin pairing (see [13] )
where for each prime p, inv p : Br(Q p ) −→ Q/Z is the invariant map of local class field theory. We say that C satisfies the Hasse principle if the following holds: C(Q) = ∅ if and only if C(A Q ) = ∅. We say that C is a counterexample to the Hasse principle if C(Q) = ∅ but C(A Q ) = ∅. Furthermore, we say that C is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction if C is a counterexample to the Hasse principle and satisfies C(A Q ) Br = ∅. Let p be a prime such that p ≡ 1 (mod 8). Here, as throughout this paper, we denote by X p the threefold in P 6 Q defined by
We now introduce certain rational points on X p which are of great interest throughout this paper. Definition 1.1. Let p be a prime such that p ≡ 1 (mod 8). Let n be a positive integer such that n ≥ 1. Let (A, B, C, D, E, F, G) ∈ Z 7 be a septuple of integers such that at least one of them is non-zero. We say that (A, B, C, D, E, F, G) satisfies Hypothesis FM with respect to the couple (p, n) if the following are true:
(A1) the point P := (a : b : c : d : e : f : g) = (A : B : C : D : E : F : G) belongs to X p (Q).
(A2) let l be any odd prime such that gcd(l, 3) = gcd(l, p) = 1 and l divides E. Then p is a square in Q Remark 1.2. Since p ≡ 1 (mod 8), it follows from the quadratic reciprocity law that −3 is not a square in F × p if and only if p is not a square in F × 3 , or equivalently p ≡ 2 (mod 3). Hence if p ≡ 2 (mod 3), then the group of all cube roots of unity in F × p is trivial. Thus (A5) is tantamount to the condition that there exists an integer H such that G − EH 6 ≡ 0 (mod p) and A + BH 4 is a quadratic non-residue in F × p . Remark 1.3. Note that Hypothesis FM implies that A, D, E and G are nonzero. Indeed, by (A3), we know that E, G ≡ 0 (mod p), and hence E, G are nonzero. Assume that A = 0. Then, by (A1) and the third equation of (2), we see that
2 , which is a contradiction since p is a prime. Hence A = 0. Assume that D = 0. Then, by (A1) and the third equation of (2), we deduce that A 2 + pG 2 = 0, which is a contradiction since A 2 + pG 2 > 0. Hence D = 0.
For a prime p ≡ 1 (mod 8), a positive integer n, and each septuple (A, B, C, D, E, F, G) satisfying Hypothesis FM with respect to (p, n), we will produce an Azumaya algebra A on the generalized Mordell curve C of the shape pz 2 = E 2 x 12n − G 2 . The construction of the Azumaya algebra A relies mainly on the equations of the threefold X p . Using conditions (A1) − (A7), we will show that A satisfies inv l (A(P l )) = 0 if l = p, 1/2 if l = p for any P l ∈ C(Q l ). From these invariants of the Azumaya algebra A, it follows that C(A Q ) Br = ∅, and thus the generalized Mordell curve C of degree 12n has no rational points. More precisely, we will prove the following.
Theorem 1.4. (see Theorem 2.2)
Let p be a prime such that p ≡ 1 (mod 8), and let n be a positive integer. Let (A, B, C, D, E, F, G) be a septuple of integers satisfying Hypothesis FM with respect to (p, n). Then the generalized Mordell curve C defined by
The basic technique that we exploit in the proof of Theorem 1.4 is based upon the Brauer-Manin obstruction, and thus our method of studying the arithmetic of generalized Mordell curves is completely different from that appeared in [1] and [5] in which the authors mainly used the modularity method. Moreover, in order to use the Brauer-Manin obstruction to show that certain generalized Mordell curves possess no rational points, it is crucial that we need to obtain information about the set of rational points on X p satisfying Hypothesis FM. The existence of rational points on the threefolds X p satisfying Hypothesis FM that proves nonexistence of rational points on certain generalized Mordell curves suggests that there exist certain higher dimensional varieties which play an important role in studying the arithmetic of certain curves. In this work, we introduce threefolds X p for each prime p ≡ 1 (mod 8), and show that the existence of a subset of X p (Q) consisting of rational points on X p that satisfy Hypothesis FM is equivalent to the existence of certain families of generalized Mordell curves and of generalized Fermat curves having no rational points. Thus the arithmetic of threefolds X p determine the arithmetic of a special class of curves including certain generalized Mordell curves and certain generalized Fermat curves.
Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3), and let n be a positive integer such that n ≥ 2. In Section 3, we will describe an infinite subset of X p (Q) that consists of rational points on X p satisfying Hypothesis FM with respect to (p, n). This subset is parameterized by three parameters α, β, κ. For some choice of κ, and by Theorem 1.4, we prove that there exist infinitely many non-isomorphic generalized Mordell curves of the shape pz 2 = 3 6 κ 6 x 12n − 1 that are counterexamples to the Hasse principle explained by the Brauer-Manin obstruction. This result is the combination of Theorem 4.2 and Corollary 4.4.
For any positive integer m such that 2m < n, we will show that there are infinitely many integers κ such that the generalized Mordell curve D (κ) (p,m) has at least two rational points in its affine locus whereas the generalized Mordell curve D 
respectively. This is Lemma 5.3 in Section 5. This result also shows that the degree 12n of the generalized Mordell curves in Theorem 1.4 is optimal in the sense that one can not replace n by any positive divisor s of n with s = n. This will be explained in more detail in Remark 5.4. In Section 5, motivated by Lemma 5.3, we introduce a notion of the descending chain condition (DCC) on sequences of curves, which is an analogue of the notion of the descending chain condition on partially ordered sets. Let (X n , ψ n ) n≥1 be a sequence of curves defined over a global field k, where for each n ≥ 1, X n is a curve of genus g n defined over k, and for each n ≥ 1, ψ n : X n+1 → X n is a k-morphism of curves. The sequence (X n , ψ n ) n≥1 is said to satisfy the DCC of length h if X n (k) = ∅ for each 1 ≤ n ≤ h − 1, and X h is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. To rule out certain trivial cases, we assume that g n > g m for any positive integers n > m. It is not difficult to see that there are infinitely many sequences of curves that do not satisfy the DCC of any length. However, constructing sequences of curves satisfying the DCC of arbitrary length seems a nontrivial problem. In Section 5, we will show that there exist infinitely many sequences of generalized Mordell curves that satisfy the DCC of arbitrary length, and hence these sequences provide a nontrivial class of sequences of curves satisfying the DCC. This will be proved in Corollary 5.5.
Sections 6 and 7 are motivated by the following problem, which was first studied by Halberstadt and Kraus [4] . For each prime p ≥ 3, does there exist an explicit generalized Fermat curve C of signature (p, p, p) defined over Q of the shape Ax p + By p + Cz p = 0 that is a counterexample to the Hasse principle?
As was mentioned before, Selmer [12] constructed the generalized Mordell curve defined by 3x 3 + 4y 3 + 5z 3 = 0 that violates the Hasse principle, and hence Problem 1.5 holds for p = 3. For each prime p with 5 ≤ p ≤ 100, Halberstadt and Kraus [4] constructed an explicit generalized Fermat curve of signature (p, p, p) that violates the Hasse principle. Hence Problem 1.5 holds for each prime p between 5 and 100. Furthermore, assuming the abc conjecture, Halberstadt and Kraus [4] proved that Problem 1.5 holds for every prime p ≥ 5.
In Problem 1.5, the reason why we only consider certain generalized Fermat curves of signature (p, p, p) with p prime is that we want to rule out certain trivial cases, and that we do not want p to be replaced by any positive divisor s of p with s = p. Motivated by this observation, we generalize Problem 1.5, and study the following problem. Problem 1.6. For each positive integer n ≥ 3, does there exist an explicit generalized Fermat curve C n of signature (n, n, n) defined over Q of the shape Ax n + By n + Cz n = 0 with gcd(A, B, C) = 1 that is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction such that for any positive divisor s of n with s = n, the generalized Fermat curve C s of signature (s, s, s) defined by Ax s + By s + Cz s = 0 has at least one rational point?
Upon assuming that n is a prime, we see that Problem 1.5 is a special case of Problem 1.6. In Sections 6 and 7, we answer Problem 1.6 in the affirmative for any positive integer n ≡ 0 (mod 12) with n ≥ 24. In fact, we prove that for each positive integer n ≡ 0 (mod 12) with n = 12, there are infinitely many generalized Fermat curves C n of signature (n, n, n) satisfying Problem 1.6. This result is the combination of Theorem 6.2 and Lemma 7.5. As a consequence, in Section 8, we show that there exist infinitely many sequences of generalized Fermat curves that satisfy the DCC of any length.
In the last section, we describe another subset of X p (Q), and prove that upon assuming Schinzel's Hypothesis H (which will be reviewed in the same section), there should exist another infinite subset of X p (Q) consisting of rational points on X p that satisfy Hypothesis FM with respect to (p, n), where p is a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3) and n is a positive integer. Using the same arguments as in Sections 4 and 6, there should exist certain families of generalized Mordell curves and of generalized Fermat curves that are counterexamples to the Hasse principle explained by the BrauerManin obstruction. Since we will construct infinitely many generalized Mordell curves and infinitely many Fermat curves violating the Hasse principle in Sections 4 and 6, we will restrict ourselves to only describing another infinite subset of X p (Q) in the last section that should produce infinitely many septuples satisfying Hypothesis FM, but not proceeding to construct certain generalized Mordell curves and certain generalized Fermat curves violating the Hasse principle that arise from this subset.
Non-existence of rational points on certain generalized Mordell curves
In this section, we describe a relationship between rational points on X p that satisfy Hypothesis FM and nonexistence of rational points on certain generalized Mordell curves. More precisely, we show that for each prime p ≡ 1 (mod 8) and a positive integer n, the existence of a septuple (A, B, C, D, E, F, G) satisfying Hypothesis FM with respect to the couple (p, n) implies nonexistence of rational points on the generalized Mordell curve of the shape pz 2 = E 2 x 12n − G 2 . We begin by proving the main lemma in this section.
Lemma 2.1. Let p be a prime such that p ≡ 1 (mod 8), and let n be a positive integer. Assume that (A, B, C, D, E, F, G) ∈ Z 7 is a septuple of integers satisfying Hypothesis FM with respect to the couple (p, n). Let C be the generalized Mordell curve defined by
Let Q(C) be the function field of C, and let A be the class of the quaternion algebra p, A + Bx 4n + pz in Br(Q(C)). Then A is an Azumaya algebra of C. Furthermore, B := p, A + Bx 4n − pz and E := p, A + Bx 4n + pz x 6n represent the same class as A in Br(Q(C)).
Proof. We will prove that there is a Zariski open covering (U i ) i of C such that A extends to an element of Br(U i ) for each i. By (A1), we see that (3) can be written in the form
It follows from the identity above that A + B = 0. Furthermore, we see that A − E = (p, x 6n ) = 0. Since A, B and E belong to the 2-torsion part of Br(Q(C)), we deduce that A = B = E.
Let U 1 be the largest open subvariety of C in which the rational function R 1 := A + Bx 4n + pz has neither a zero nor pole. Let U 2 be the largest open subvariety of C in which R 2 := A + Bx 4n − pz has neither a zero nor pole. Since A = B, A is an Azumaya algebra on U 1 and also on U 2 . We prove that in the affine part of C, the locus where both of R 1 and R 2 have a zero is empty. Assume the contrary, and let (X, Z) be a common zero of R 1 and R 2 . We see that
This implies that B = 0; otherwise, we deduce that A = 0, which is a contradiction to Remark 1.3. Hence B = 0, and thus it follows that X 4n = − A B . By (3), we deduce that
Let H be an integer satisfying (A5) in Definition 1.1. Since E ≡ 0 (mod p), it follows from (A5) and (5) that
Hence −A ≡ ζBH 4 (mod p) for some cube root of unity ζ in F × p . Thus A + ζBH 4 ≡ 0 (mod p), which is a contradiction to (A5). Therefore, in the affine part of C, the locus where both of R 1 and R 2 have a zero is empty.
, and let ∞ = (X ∞ : Y ∞ : Z ∞ ) be a point at infinity on C. We know that Y ∞ = 0 and
It follows that
By Remark 1.3, we know that E is nonzero. Hence R 3 = 0, and thus R 3 is regular and non-vanishing at the points at infinity on C.
Let U 3 be the largest open subvariety of C in which the rational function R 3 has neither a zero nor pole. Then, since A = E, we deduce that A is an Azumaya algebra on U 3 . By what we have shown, it follows that C = U 1 ∪ U 2 ∪ U 3 . Since A is an Azumaya algebra on each U i for 1 ≤ i ≤ 3, we deduce that A belongs to Br(C), proving our contention.
We now prove the main theorem in this section, which relates rational points on X p satisfying Hypothesis FM to nonexistence of rational points on certain generalized Mordell curves. Theorem 2.2. Let p be a prime such that p ≡ 1 (mod 8), and let n be a positive integer. Let (A, B, C, D, E, F, G) ∈ Z 7 be a septuple of integers satisfying Hypothesis FM with respect to (p, n). Let C be the generalized Mordell curve defined by (3) in Lemma 2.1. Then C(A Q ) Br = ∅.
Proof. We maintain the notation of Lemma 2.1. We will prove that for any P l ∈ C(Q l ),
Since C is smooth, we know that C * (Q l ) is l-adically dense in C(Q l ), where C * is the affine curve given by
) is a continuous function on C(Q l ) with respect to the l-adic topology, it suffices to prove (6) for any P l ∈ C * (Q l ). Suppose that l = 2, ∞ or l is an odd prime such that l = p and p is a square in Q which is a contradiction since p is not a square in F × 3 . This contradiction implies that v 3 (x) ≥ 0. By (3), we see that v 3 (z) ≥ 0.
By (A7) and (3), we deduce that
Since p is not a square in F × 3 , it follows that z ≡ Ex ≡ 0 (mod 3). Assume that A + Bx 4n + pz ≡ 0 (mod 3). Since z ≡ 0 (mod 3), it follows that A + Bx 4n ≡ 0 (mod 3). We see from (4) that
Since p is not a square in
Thus we deduce that A + Bx 4n ≡ Cx 4n + D ≡ 0 (mod 3). We contend that x ≡ 0 (mod 3); otherwise, A ≡ D ≡ 0 (mod 3), and hence it follows from (A7) that 3 divides gcd(A, D, G), which is a contradiction to (A3). Thus x ≡ 0 (mod 3), and hence we deduce that x 2 ≡ 1 (mod 3). By (A7), we see that
which is a contradiction. Hence A + Bx 4n + pz ≡ 0 (mod 3), and thus we deduce that the local Hilbert symbol (p, A + Bx 4n + pz) 3 is 1. Therefore inv 3 (A(P 3 )) is 0. Suppose that l is an odd prime such that gcd(l, 3) = gcd(l, p) = 1 and p is not a square in Q × l . We consider the following two cases.
By (4), we deduce that
Since p is not a square in Q × l , it follows that
Adding both of the equations of (8), we deduce that
If x ≡ 0 (mod l), then it follows from (10) and the first equation of (9) 
Since p = l, we deduce that l divides G, and hence l divides gcd(A, D, G), which is a contradiction to (A3). If x ≡ 0 (mod l), then it follows from the second equation of (9) that
Hence it follows from (10), (11) and the first equation of (9) that
and hence l divides gcd (AC − BD, DE − CF, AE − BF ). Thus it follows from (A4) that p is a square in Q × l , which is a contradiction. Therefore at least one of A + Bx 4n + pz and A + Bx 4n − pz is nonzero modulo l, say U . Since A and B represent the same class in Br(Q(C)), we deduce that the local Hilbert symbol (p, U ) l is 1. Hence inv l (A(P l )) is 0.
⋆ Case 2. v l (x) = ǫ < 0. Since ǫ = v l (x) ∈ Z, we deduce that ǫ ≤ −1. If v l (E) = 0, then we see that
Thus, in any event, we see that
Hence it follows from (3) that
Hence there are elements
Multiplying both sides of the above equation by l −2v l (E)−12nǫ , we deduce that
If v l (E) = 0, then we see that
and hence
) ≥ 1, and hence
Reducing equation (12) modulo l, one obtains that
which is a contradiction since p is not a square in Q × l . Thus, in any event, if l is an odd prime such that gcd(l, 3) = gcd(l, p) = 1 and p is not a square in Q × l , then inv l (A(P l )) is 0.
Suppose that l = p. If v p (x) = ǫ < 0, then we know from (A3) that E ≡ 0 (mod p). Hence we see that
It then follows from the above inequality and (3) that
which is a contradiction since the left-hand side is an odd integer whereas the right-hand side is an even integer.
If v p (x) ≥ 0, then it follows from (3) that
Hence it follows that v p (z) ≥ − 1 2 . Since v p (z) ∈ Z, we deduce that v p (z) ≥ 0, and hence z ∈ Z p . We contend that x ∈ Z × p . Assume the contrary, that is, x ≡ 0 (mod p). By (3), we deduce that
which is a contradiction to (A3). Hence we deduce that x ∈ Z × p . Reducing equation (3) modulo p, we deduce that
Let H be an integer satisfying (A5) in Definition 1.1. By (13), (A3) and (A5), we see that
and hence x 4n ≡ ζH 4 (mod p) for some cube root of unity ζ in F × p . Thus it follows from (A5) that
, we deduce from (A5) that the local Hilbert symbol (p,
which proves that inv p (A(P p )) = 1/2. Therefore, in any event, we have
for any (P l ) l ∈ C(A Q ), and hence C(A Q ) Br = ∅. Hence our contention follows.
3.
A subset of the set of all rational points on X p Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n be an integer such that n ≥ 2. In this section, we will construct a subset of the set of all rational points on X p that produces infinitely many septuples (A, B, C, D, E, F, G) ∈ Z 7 satisfying Hypothesis FM with respect to (p, n) in the sense of Definition 1.1. This subset of X p (Q) plays a key role in constructing certain families of generalized Mordell curves and certain families of generalized Fermat curves that are counterexamples to the Hasse principle explained by the Brauer-Manin obstruction.
Let (α, β, κ) ∈ Z 3 be a triple of nonzero integers satisfying the following conditions: 
By (14), we deduce that
We now prove that (A, B, C, D, E, F, G) satisfies Hypothesis FM with respect to (p, n).
Lemma 3.1. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n be an integer such that n ≥ 2. Let (α, β, κ) ∈ Z 3 be a triple of nonzero integers satisfying
7 be a septuple of integers defined by (14) . Then T satisfies Hypothesis FM with respect to (p, n).
Proof. By (B1), (B4) and (14), we see that T satisfies (A3) and (A7). Furthermore, it is not difficult to verify that the point P := (a : b : c : d : e : f : g) = (A : B : C : D : E : F : G) belongs to X p (Q), and hence T satisfies (A1).
We now prove that T satisfies (A2). Indeed, let l be an odd prime such that gcd(l, 3) = gcd(l, p) = 1 and l divides E. We see that either l divides κ or gcd(l, κ) = 1. If l divides κ, then it follows from (B5) that p is a square in Q × l . Assume that gcd(l, κ) = 1. By (15), we see that
and hence T satisfies (A2). We now prove that T satisfies (A4). Suppose that l is an odd prime such that gcd(l, 3) = gcd(l, p) = 1 and
By (B1) and (14), one can show that gcd(A, D) = 1. By (15), we see that
Hence it follows that
and hence we deduce that l divides 3 4 κ 3 G. Since gcd(l, 3) = 1, it follows from (14) that l divides κ or αβ. By (B2) and (B5), we deduce that p is a square in Q × l , which proves that (A4) is true. We now prove that (A5) holds. Let κ * be the integer such that κ = 3 v3(κ) κ * and gcd(κ * , 3) = 1, where v 3 denotes the 3-adic valuation. We contend that 3κ is a square in F × p . Indeed, we see that 3κ = 3 v3(κ)+1 κ * . By (B3), we deduce that v 3 (κ) + 1 is an even positive integer, and hence it follows that 3 v3(κ)+1 is a square in F × p . Thus it suffices to show that κ * is a square in
quadratic reciprocity law, we know that l is a square in F × p for any odd prime l dividing κ * . Since p ≡ 1 (mod 8), we deduce that the Jacobi symbol κ * p satisfies
Thus κ * is a square in F × p , and hence 3κ is a square in F × p . Thus there exists an integer H such that 3κH
We contend that H satisfies (A5). Indeed, by (15) and (16), we see that
By Remark 1.2 and since p ≡ 2 (mod 3), it remains to show that A + BH 4 is a quadratic non-residue in F × p . By (15) and (16), we know that
By (14), we see that
Since p ≡ 1 (mod 8), we know that −1 and 1/2 are squares in
, we see that p is a quadratic non-residue modulo 3, and it follows from the quadratic reciprocity law that 3 is not a square in F × p . Thus we deduce that the Jacobi symbol
and thus A + BH 4 is a quadratic non-residue in F × p . Therefore T satisfies (A5). By (B3) and (15), we know that
and hence T satisfies (A6). Thus our contention follows.
Corollary 3.2. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n be an integer such that n ≥ 2. Let κ be a nonzero integer satisfying (B3), (B4) and (B5). Let D be the smooth projective model of the affine curve defined by
Proof. It is easy to show that there are infinitely many couples (α, β) ∈ Z 2 of nonzero integers that satisfy (B1) and (B2). Take such a couple (α, β) ∈ Z 2 , and let T := (A, B, C, D, E, F, G) ∈ Z 7 be the septuple of integers defined by (14) . It follows from Lemma 3.1 that T satisfies Hypothesis FM with respect to (p, n). Let C be the smooth projective model of the affine curve defined by (3) in Theorem 2.2, that is, C is of the form
By Theorem 2.2, we know that C(A Q ) Br = ∅. By (15), we know that E = 3 3 κ 3 G. Hence, under the morphism
we see that the curve C is isomorphic to D over Q. Thus we deduce that D(A Q ) Br = ∅.
Certain generalized Mordell curves violating the Hasse principle
Let p be an odd prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n be an integer such that n ≥ 2. Let κ be a nonzero integer satisfying (B3), (B4) and (B5). In this section, we will prove a sufficient condition depending on certain congruences of κ modulo finitely many primes under which the curve D defined by (17) is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. This result will be proved in Subsection 4.1. As a consequence, in Subsection 4.2, we will show that there are infinitely many integers κ satisfying the sufficient condition, and hence it follows that there are infinitely many non-isomorphic generalized Mordell curves violating the Hasse principle explained by the Brauer-Manin obstruction.
4.1. A sufficient condition. We recall the celebrated Hasse-Weil bound. Let X be a smooth geometrically irreducible projective curve of genus n over the finite field F q . Then
We now prove the main theorem in this section.
Theorem 4.2. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n be an integer such that n ≥ 2. Let κ be a nonzero integer satisfying (B3), (B4) and (B5). Assume further that the following are true:
(C2) let A be the set of odd primes l satisfying the following three conditions:
We assume that 3
prime l ∈ A. (C3) let B be the set of odd primes l satisfying the following three conditions:
Let D be the smooth projective model of the affine curve defined by (17) in Corollary 3.2. Then D is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction.
Proof. By Corollary 3.2, we know that D(A Q ) Br = ∅. Hence it remains to prove that D is everywhere locally solvable.
Let S 1 be the set of odd primes l with gcd(l, p) = 1 such that p l = 1 or −p l = 1. Let S 2 be the set of odd primes l with gcd(l, p) = 1 such that
, we see that 3 belongs to S 1 . By (B5), we also know that if l is any odd prime such that gcd(l, 3) = 1 and l divides κ, then l belongs to S 1 . We know that {the set of all primes} = {2} ∪ {p} ∪ S 1 ∪ S 2 .
It suffices to consider the following cases.
We consider the system of equations
By (C1), we see that
Since p = 2, 3 and gcd(κ, p) = 1, we deduce that
Hence (1, 0) is a solution to the system (18), and it thus follows from Hensel's lemma that D is locally solvable at p.
We see that the curve D * defined by
is an open subscheme of D. Assume first that l = ∞, l = 2 or l is an odd prime such that p l = 1. Define
Suppose now that l is an odd prime such that −p l = 1. We define
By the discussion preceding Case 1, one can assume that gcd(l, 3) = gcd(l, κ) = 1. We know that the discriminant of the curve D is
Hence D is only singular at the primes q = 2, 3, p, and the primes q dividing κn; so the Hasse-Weil bound (see Lemma 4.1) assures that D is locally solvable at primes q > 4(6n − 1) 2 such that q = 2, 3, p and gcd(q, κ) = gcd(q, n) = 1. Hence, by Cases 1 and 2, we only need to prove that D is locally solvable at the primes l, where l ∈ A or l ∈ B.
• Subcase 1. l ∈ A.
Since l ∈ A, it follows from (C2) that 3
). Assume first that 3 6 κ 6 − 1 is a quadratic non-residue in F × l . We consider the system of equations
Since l belongs to A, we know that p is a quadratic non-residue in F × l . It then follows that
is a square in F × l , and thus there exists an integer z 0 such that z 0 ≡ 0 (mod l) and
(mod l). Hence we deduce that F (1, z 0 ) is zero modulo l. Since l does not divide z 0 , it follows that
is a solution to the system (19), and therefore it follows from Hensel's lemma that D is locally solvable at l.
). Since l = 2, 3 and gcd(l, p) = gcd(l, κ) = 1, one can show that the point (1, 0) is a solution to the system of equations
By Hensel's lemma, we deduce that D is locally solvable at l.
• Subcase 2. l ∈ B.
Since l ∈ B, it follows from (C3) that 3
Assume first that 3 6 κ 6 − 1 is a quadratic non-residue in F × l . Then, using the same arguments as in Subcase 1, we deduce that 3 6 κ 6 − 1 p is a square in F × l , and thus there exists an integer z 0 such that
Repeating in the same manner as in Subcase 1, we see that (1, z 0 ) is a solution to the system of equations
Suppose now that κ ≡ 1 3 (mod l). Since l = 2, 3 and gcd(l, p) = gcd(l, κ) = gcd(l, n) = 1, one can
show that the point (1, 0) is a solution to the system of equations
By Hensel's lemma, we deduce that D is locally solvable at l. Therefore, in any event, D is everywhere locally solvable, and hence our contention follows.
4.2.
Infinitude of the triples (p, n, κ). In this subsection, we will prove that for a prime p ≡ 1 (mod 8) and a positive integer n ≥ 2, there are infinitely many nonzero integers κ satisfying the conditions in Theorem 4.2. The main result in this subsection is the following lemma.
Lemma 4.3. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n and m be two integers such that n ≥ 2 and 1 ≤ m < n. Then, for any positive integer r dividing m, there are infinitely many nonzero integers κ of the form κ = 3 2m−1 κ r * , where κ * is an odd prime with gcd(κ * , 3) = 1 such that κ satisfies (B3) − (B5) and (C1) − (C3).
Proof. Let r be any positive integer such that r divides m, and define
Let A * be the set of odd primes l satisfying the following three conditions:
Let B * be the set of odd primes l satisfying the following three conditions:
It is easy to see that p does not belong to A * ∪ B * and A * ∩ B * = ∅. We also note that A * and B * are of finite cardinality. Hence, by the Chinese Remainder Theorem, there exists an integer κ * ,0 satisfying the following conditions:
be the linear polynomial defined by
By (i), (ii) and (iii) above, we know that gcd(κ * ,0 , p) = gcd(κ * ,0 , l) = 1 for any prime l ∈ A * ∪ B * . Using Dirichlet's theorem on arithmetic progressions, we deduce that there are infinitely many integers X such that P (X) = 3 and P (X) is an odd prime. Take such an integer X, and let κ * := P (X). We define κ := 3 2m−1 κ r * . We contend that κ satisfies our requirements. Indeed, since gcd(κ * , 3) = 1, we see that
By (i) and (20) above, one knows that
Thus κ * is a quadratic residue in F × p , and therefore it follows from the quadratic reciprocity law that p is a square in F × κ * . Therefore κ satisfies (B4) and (B5). By (21) and the definition of κ, we see that
which proves that (C1) in Theorem 4.2 is true. Now let A and B be the sets of odd primes defined as in (C2) and (C3) in Theorem 4.2. One sees that
By (ii) and (20), we know that
) for any prime l ∈ A, and thus (C2) holds. Finally, using the same arguments as above, it follows from (iii) and (20) that κ ≡ 1 3 (mod l) for any prime l ∈ B * . Since B ⊆ B * , we deduce that κ ≡ 1 3 (mod l) for any prime l ∈ B, and thus (C3) is true. Therefore our contention follows.
Corollary 4.4. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n be an integer such that n ≥ 2. Then there are infinitely many non-isomorphic generalized Mordell curves of degree 12n that are counterexamples to the Hasse principle explained by the Brauer-Manin obstruction.
Proof. Let m be any integer such that 1 ≤ m < n. Let r be any positive integer such that r divides m. Let C be the set of nonzero integers κ satisfying the following conditions:
(1) κ = 3 2m−1 κ r * for some odd prime κ * = 3, and (2) κ satisfies (B3) − (B5) and (C1) − (C3).
By Lemma 4.3, we know that C is of infinite cardinality. For each integer κ ∈ C, let D κ be the smooth projective model of the affine curve defined by
By Theorem 4.2, we deduce that D κ is a counterexample to the Hasse principle explained by the BrauerManin obstruction for each κ ∈ C. We contend that D κ1 is not isomorphic to D κ2 for any two distinct integers κ 1 , κ 2 ∈ C. Assume the contrary, that is, D κ1 is isomorphic to D κ2 for some distinct integers
Hence we deduce that the rational number 3 6 κ 6 1
is a 12n-th power. Since κ 1 and κ 2 are in C, we can write
where κ * ,1 and κ * ,2 are distinct odd primes such that κ * ,1 = 3 and κ * ,2 = 3. Thus it follows that κ * ,1 κ * ,2 6r is a 12n-th power. Hence there exists a rational number ρ ∈ Q such that
Applying the κ * ,1 -adic valuation to both sides of the above identity, we deduce that
and hence r = 2nv κ * ,1 (ρ).
Thus we deduce that n divides r, which is a contradiction since 1 ≤ r ≤ m < n. Therefore D κ1 is not isomorphic to D κ2 for any two distinct integers κ 1 , κ 2 ∈ C. Hence we deduce that (D κ ) κ∈C is an infinite family of non-isomorphic generalized Mordell curves of degree 12n such that each member in the family (D κ ) κ∈C is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. Therefore our contention follows.
The descending chain condition on sequences of curves
In this section, we will introduce the notion of the descending chain condition (DCC) on sequences of curves. This notation provides an analogue of the notion of the descending chain condition on partially ordered sets. Moreover, we will show that the families of generalized Mordell curves constructed in Section 4 satisfy the DCC.
Definition 5.1. Let (X i ) i≥1 be a sequence of smooth geometrically irreducible projective curves over a global field k. For each integer i ≥ 1, let φ i : X i+1 −→ X i be a k-morphism of curves. We say that (X i , φ i ) i≥1 satisfies the descending chain condition (DCC) if there exists a positive integer n such that the following are true:
(DCC2) X n is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction, i.e.,
It is not difficult to see that the integer n in Definition 5.1 is unique. When n satisfies (DCC1)-(DCC3), we define the length of (X i , φ i ) i≥1 to be n.
We now explain why Definition 5.1 provides an analogue of the descending chain condition on partially ordered sets. Suppose that (X i , φ i ) i≥1 is a sequence of smooth geometrically irreducible projective curves over a global field k, where the φ i : X i+1 −→ X i are k-morphisms of curves such that (X i , φ i ) i≥1 satisfies the DCC in the sense of Definition 5.1. Let n be the length of (X i , φ i ) i≥1 . For i = 1, set
and for each integer i ≥ 2, define
The sequence (X i , φ i ) i≥1 can be written in the form
It follows from (22) and (23) that the sequence (a i ) i≥1 forms a descending chain of integers, that is, we have that
Br , it follows that X n (k) is empty, and hence a n = 0. Since (φ i ) i≥1 is a sequence of k-morphisms of curves and X n (k) = ∅, it follows from (23) that X m (k) = ∅ for each m ≥ n, and thus a m = 0 for each m ≥ n. By (DCC1), we know that a 1 = #X 1 (k) ≥ 1. Furthermore, we also know that #X i (k) ≥ 1 for each 2 ≤ i ≤ n − 1, and therefore
for each 2 ≤ i ≤ n − 1. Thus we see that the sequence (a i ) i≥1 satisfies the descending chain condition in the usual sense; in other words, the descending chain (24) eventually terminates, and satisfies the following two conditions:
(i) 1 ≤ a n−1 ≤ a n−2 ≤ · · · ≤ a 3 ≤ a 2 ≤ a 1 , and (ii) a m = a n = 0 for each m ≥ n.
Note that the descending sequence (a i ) i≥1 not only eventually stabilizes but eventually becomes zero.
The above discussion shows that there exists a mapping from the collection of sequences of curves satisfying the DCC in the sense of Definition 5.1 to the collection of descending sequences of integers satisfying the DCC in the usual sense and eventually becoming zero. More explicitly, we have that
satisfying the DCC in the sense of Definition 5.1
satisfying the DCC in the usual sense and eventually becoming zero
where Φ is the map sending a sequence (X i , φ i ) i≥1 of curves to a sequence (a i ) i≥1 of integers defined by
Remark 5.2. Let (X i , φ i ) i≥1 be a sequence of smooth geometrically irreducible curves over a global field k such that (X i , φ i ) i≥1 satisfies the DCC and the length of (X i , φ i ) i≥1 is n. Our main motivation to study the DCC on (X i , φ i ) i≥1 is to address the situation where X n has no rational points over k although it tries hard to possess a k-rational point.
To be more precise, we define
for each i ≥ 1. We see that there are n − 1 morphisms ψ i : X n −→ X i for 1 ≤ i ≤ n − 1. By assumption, we know that #X i (k) ≥ 1 for each 1 ≤ i ≤ n − 1 and #X n (k) = 0. For each 1 ≤ i ≤ n − 1, we see that although X i has at least one k-rational point, there exist no k-rational points in X i (k) whose preimage under the k-morphism ψ i belongs to X n (k). Furthermore, by (DDC2), we know that X n (A k ) = ∅ and X n (k) is a subset of X n (A k ). Therefore, although X n tries many ways to obtain at least one k-rational point, there still exist no k-rational points on X n .
For each positive integer, it is natural to ask whether there exists a sequence (X i , φ i ) i≥1 of curves that satisfies the DCC of length n. We will answer this question in the affirmative in a stronger form. More precisely, we will prove that for any positive integer n, there exist infinitely many sequences (X i , φ i ) i≥1 of curves that satisfy the DCC of length n.
Lemma 5.3. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n and m be positive integers such that 2m < n. Then there exists an infinite set C n,m of integers such that for each integer κ ∈ C n,m , D 
respectively.
Proof. Let C n,m be the set of nonzero integers κ satisfying the following two conditions:
for some odd prime κ * = 3, and (ii) κ satisfies (B3) − (B5) in Section 3 and (C1) − (C3) in Theorem 4.2. Using Lemma 4.3 with (m, r) replaced by (2m, 2m), we deduce that C m,n is of infinite cardinality. Let κ be any nonzero integer in C m,n , and let D has at least two Q-rational points.
We now prove that D (n) κ is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. Indeed, we know that κ satisfies (B3) − (B5) and (C1) − (C3). By Theorem 4.2, we deduce that D (n) κ is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction, and thus our contention follows.
Remark 5.4. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Take a positive integer n ≥ 3, and let κ be a nonzero integer. For any positive integer s dividing n with s ≥ 2, define m s := n s .
Let D 
respectively. Then there is a Q-morphism φ ms :
If κ satisfies (B3) − (B5) and (C1) − (C3) in Theorem 4.2, then we know that D (n)
κ is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. Under the morphisms φ ms , it is natural to ask whether one can imply nonexistence of rational points on D has no rational points, where m s = n s . Lemma 5.3 shows that it is impossible, and thus it proves that the degree 12n of the generalized Mordell curves D in Theorem 4.2 is optimal in the sense that one can not replace n by a positive divisor m s of n with m s = n. Indeed, assume further that n is odd, and take any positive integer s ≥ 2 such that s divides n. Define m s := n s . Since s ≥ 2, we deduce that 2m s ≤ sm s = n. Since n is odd, we deduce that 2m s < n. Hence Lemma 5.3 shows that there exists an infinite set C n,ms of integers such that for each κ ∈ C n,ms , D We now prove the main result in this section, which says that for a given positive integer h, there are infinitely many sequences of curves satisfying the DCC of length h. 
Proof. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n 0 and n 1 be integers such that n 0 ≥ 2 and n 1 ≥ 1. Set n := n for some odd prime κ * = 3. We define
For each integer
be the smooth projective model of the affine curve defined by
and for each integer i ≥ h, let ψ i :
be the Q-morphism of curves defined by
and for each integer 1
Hence we have defined a sequence of curves X
. We contend that X i . We see that
Hence it follows that g
for any positive integers i, j with 1 ≤ i < j, and thus (DCC3) is true.
satisfies the DCC of length h in the sense of Definition 5.1. Since C n,m is of infinite cardinality, our contention follows immediately.
The above corollary shows that for a given positive integer h ≥ 1, there are infinitely many sequences of smooth geometrically irreducible curves over Q such that they satisfy the DCC of length h. It is natural to ask whether or not there exists a sequence of smooth geometrically irreducible curves such that it does not satisfy the DCC. The following result shows that there exist infinitely many such sequences of curves over Q. Proposition 5.6. There exist infinitely many sequences of smooth geometrically irreducible curves over Q that do not satisfy the DCC in the sense of Definition 5.1.
Proof. Let n and m be positive integers such that n ≥ 2 and m ≥ 2. Let F (x) be a separable polynomial of degree n in Q[x] such that F (0) = 0 and F (1) = 0. Note that there are infinitely many such polynomials F (x); for example, one can take F (x) = x n − 1. Since F (0) is nonzero and F (x) is separable, we see that F (x m i ) is separable for each positive integer i ≥ 1. For each positive integer i ≥ 1, let X i be the smooth projective model of the affine curve defined by
For each i ≥ 1, we denote by g i the genus of X i . For each i ≥ 1, we see that
Hence we deduce that g i < g j for any positive integers i, j with 1 ≤ i < j. Since F (1) = 0, we see that the point (x, z) = (1, 0) belongs to X i (Q) for each i ≥ 1. Furthermore, for each i ≥ 1, we define
Hence we have defined a sequence (X i , ψ i ) i≥1 of smooth geometrically irreducible curves over Q such that X i (Q) = 0 for each i ≥ 1 and g i < g j for any positive integers i, j with 1 ≤ i < j. Thus (X i , ψ i ) i≥1 does not satisfy the DCC, and therefore our contention follows.
Certain generalized Fermat curves violating the Hasse principle
In this section, we will give a sufficient condition under which certain generalized Fermat curves of signature (12n, 12n, 12n) with n ≥ 2 are counterexamples to the Hasse principle explained by the Brauer-Manin obstruction. In the next section, using this sufficient condition, we will show that for each positive integer n ≥ 2, there exist infinitely many generalized Fermat curves of signature (12n, 12n, 12n) that are counterexamples to the Hasse principle explained by the Brauer-Manin obstruction. We begin by recalling the following useful result.
Lemma 6.1. (see [3, Lemma 4.8])
Let k be a number field and let V 1 and V 2 be (proper) k-varieties. Assume that there is a k-morphism Ψ :
The following theorem is our main result in this section.
Theorem 6.2. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n be an integer such that n ≥ 2, and let χ be a nonzero odd integer. Let κ be a nonzero integer satisfying (B3), (B4) and (B5) in Section 3. Assume further that the following are true:
). (D4) let D be the set of odd primes l satisfying the following two conditions:
(i) gcd(l, 3) = gcd(l, p) = 1, and
For each prime l ∈ D, we assume that l ≡ 1 (mod 4) and pχ 2 ≡ −1 (mod l 2v l (n)+1 ). (D5) let E be the set of odd primes l satisfying the following two conditions:
(i) gcd(l, 3) = gcd(l, p) = gcd(l, κ) = 1, and (ii) l divides χ. For each prime l ∈ E, we assume that there exists an integer ζ l with ζ l ≡ 0 (mod l) such that
(D6) let F be the set of odd primes l satisfying the following two conditions:
For each prime l ∈ F, we assume that κ ≡ 1 3 (mod l 2v l (n)+1 ).
(D7) let G be the set of odd primes l satisfying the following two conditions:
For each prime l ∈ G, we assume that κ ≡ 1 3 (mod l).
Let F be the generalized Fermat curve of signature (12n, 12n, 12n) defined by
Then F is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. It is clear that Ψ is a Q-morphism from F to D. Since D(A Q ) Br = ∅, it follows from Lemma 6.1 that
Hence it remains to prove that F is everywhere locally solvable. Note that if l is an odd prime such that l = 2, 3, p and gcd(l, κχn) = 1, then F is nonsingular modulo l, and thus the genus of F over the finite field F l is (6n − 1)(12n − 1). Hence the Hasse-Weil bound (see Lemma 4.1) assures that F is locally solvable at the primes l such that l > 4(6n − 1) 2 (12n − 1) 2 , l = 2, 3, p and gcd(l, κχn) = 1. Hence it suffices to consider the following cases.
⋆ Case 1. l = p. We consider the system of equations
By (D1), we know that
Since p = 2, 3, we deduce that ∂G ∂y
Hence (x, y, z) = (1, 1, 0) is a solution to the system (30), and thus it follows from Hensel's lemma that F is locally solvable at p. ⋆ Case 2. l = 2. We consider the system of equations
By (D2), we know that
Since p = 2 and χ is a nonzero odd integer, we see that
Hence (x, y, z) = (1, 0, 1) is a solution to the system (31), and it thus follows from Hensel's lemma that F is locally solvable at 2. ⋆ Case 3. l = 3.
Using the same arguments as in Case 1 and Case 2, it follows from (D3) that (x, y, z) = (0, 1, 1) is a solution to the system of equations
By Hensel's lemma, we deduce that F is locally solvable at 3.
Using the same arguments as in Case 1 and Case 2, we deduce from (D4) that (x, y, z) = (0, 1, 1) is a solution to the system of equations
By Hensel's lemma, we deduce that F is locally solvable at l. ⋆ Case 5. l ∈ E. Using the same arguments as in Case 1 and Case 2, we deduce from (D5) that (x, y, z) = (1, ζ l , 0) is a solution to the system of equations
By Hensel's lemma, we deduce that F is locally solvable at l. ⋆ Case 6. l ∈ F. Using the same arguments as in Case 1 and Case 2, we deduce from (D6) that (x, y, z) = (1, 1, 0) is a solution to the system of equations
By Hensel's lemma, we deduce that F is locally solvable at l. ⋆ Case 7. l ∈ G.
Using the same arguments as in Case 1 and Case 2, we deduce from (D7) that (x, y, z) = (1, 1, 0) is a solution to the system of equations
By Hensel's lemma, we deduce that F is locally solvable at l. ⋆ Case 8. l = ∞. We see that the point (x, y, z) = (1, (3 6 κ 6 ) 1/12n , 0) belongs to F (R). Thus, by what we have shown, F is everywhere locally solvable, and therefore our contention follows.
Infinitude of the quadruples (p, n, κ, χ)
In this section, we will prove that there are infinitely many couples (κ, χ) satisfying (D1) − (D7) in Theorem 6.2. Hence this implies that for each integer n ≥ 2, there exist infinitely many generalized Fermat curves of signature (12n, 12n, 12n) that are counterexamples to the Hasse principle explained by the Brauer-Manin obstruction. We begin by proving some elementary but very useful lemmas that we will need in the proof of the main result of this section.
Lemma 7.1. Let s be a positive odd integer. Let (P, Q, R, S) be a quadruple of integers such that R = 0. Assume that the following are true:
(ii) q := sS + Q is an odd prime. Then every integer is an s-th power in Z/qZ.
Proof. Let h be an integer. If h ≡ 0 (mod q), then h is an s-th power in Z/qZ. If h ≡ 0 (mod q), then we see that
Therefore h is an s-th power in Z/qZ, which proves our contention.
Lemma 7.2. Let s be a positive odd integer, and let r be an integer such that gcd(r − 1, s) = 1. Let S be an integer, and define q := sS + r. Assume that q is an odd prime. Then every integer is an s-th power in Z/qZ.
Proof. We show that there is a triple (P, Q, R) of integers with R = 0 such that the quintuple (q, P, Q, R, S) satisfies conditions (i) and (ii) in Lemma 7.1. Indeed, since gcd(r −1, s) = 1, there exist nonzero integers P, R such that
Hence we deduce that sP − 1 = R(r − 1), and thus sP ≡ 1 (mod R). Define
Since R divides sP − 1, we know that Q is an integer. Since sP − 1 = R(r − 1), we deduce that
and hence q = sS + r = sS + Q. Thus it follows from Lemma 7.1 that every integer is an s-th power in Z/qZ. Lemma 7.3. Let l be an odd prime, and let r be an integer such that gcd(r, l) = 1. Then at least one of the integers r − 1 and −r − 1 is relatively prime to l.
Proof. Assume the contrary, that is, r − 1 ≡ 0 (mod l) and −r − 1 ≡ 0 (mod l). Hence we deduce that
which is a contradiction since l is an odd prime. Thus our contention follows.
Lemma 7.4. Let l be an odd prime such that l ≡ 3 (mod 4). Let x be an integer such that x is a square in F × l . Then, for any positive integer n, x is a 2 n -th power in F × l , that is, there exists an integer x * such that x * ≡ 0 (mod l) and x 2 n * ≡ x (mod l). Proof. We prove Lemma 7.4 by induction over n.
If n = 1, then it follows immediately from the assumption that x is a square in F × l . Assume that Lemma 7.4 is true for n − 1 with n ≥ 2. We will prove that it is also true for n. Indeed, by the induction hypothesis, we know that there is an integer h such that h
where · · denotes the Jacobi symbol. Since l ≡ 3 (mod 4), we know that
, and hence it follows that
Thus there is an integer x * such that x 2 * ≡ −h (mod l). Therefore we deduce that x
which proves our contention. Lemma 7.5. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n and m be positive integers such that n ≥ 2 and 1 ≤ m < n. Then, for any positive integer r dividing m, there are infinitely many couples (κ, χ) of integers such that the following are true:
(ii) κ = 3 2m−1 κ r * for some odd prime κ * with κ * = 3. (iii) χ is an odd prime.
Proof. Let r be a positive integer such that r divides m, and define
Let F * be the set of odd primes l satisfying the following two conditions:
(i) gcd(l, 3) = gcd(l, p) = 1, and (ii) l divides n. Let G * be the set of odd primes l satisfying the following two conditions:
⋆ Step 1. Choosing κ. Note that 2, 3 and p do not belong to F * and G * , and that F * ∩ G * = ∅. Hence, by the Chinese Remainder Theorem, there exists an integer κ * ,0 such that the following are true:
Let Q(X) ∈ Z[X] be the linear polynomial defined by
By (E1), (E2), (E3) and (E4) above, we know that
Applying Dirichlet's theorem on arithmetic progressions, we deduce that there are infinitely many integers X such that Q(X) = 3, Q(X) = p and Q(X) is an odd prime. Take such an integer X, and set
Step 2. Choosing χ * . By (32) and (E2), we see that
This implies that κ * ≡ 1 3 2s (mod p), and hence it follows that κ * p = 1, where · · denotes the Jacobi symbol. Since κ * is an odd prime and p ≡ 1 (mod 8), it follows from the quadratic reciprocity law that
By (32) and (E1), we deduce that κ * ≡ κ * ,0 ≡ 1 (mod 4). Hence −1 is a square in the finite field F κ * , and thus it follows that
Therefore − 1 p is a square in Z × κ * , and hence there exist an element Γ κ * in Z × κ * and an integer Γ κ * ,0 such that
(34)
By assumption, we know that −p ≡ −2 ≡ 1 (mod 3), and hence we deduce that − 1 p is a square in
Thus there exist an element Γ 3 in Z × 3 and an integer Γ 3,0 such that
By assumption, we know that p ≡ 1 (mod 8), and hence we deduce thatwhere H was defined in Step 2. Let R(Y ) ∈ Z[Y ] be the linear polynomial defined by
where χ * was chosen in Step 2. By (E5), (E6), (E7) and (E8), we see that gcd (χ * , Υ) = 1. By Dirichlet's theorem on arithmetic progressions, we deduce that there are infinitely many integers Y such that R(Y ) is an odd prime. Take such an integer Y , and define
By (42) and noting that n * can be written in the form
we see that Υ can be written in the form
Hence we deduce that
and thus we have that
where
Step 5. Verifying (B3) − (B5) in Section 3 and (D1) − (D7) in Theorem 6.2. We first verify (B3) − (B5) in Section 3. Recall that κ * is an odd prime such that κ * = 3. Hence it follows from (33) that
which proves that (B3) is true. In
Step 1, we have chosen κ * to be an odd prime such that κ * = p. Since κ = 3 2m−1 κ r * ≡ 0 (mod p), we deduce that (B4) holds. We now prove that (B5) holds. Indeed, let l be any odd prime such that gcd(l, 3) = 1 and l divides κ. By (33), we deduce that l = κ * . By (32) and (E2), we know that
This implies that κ * ≡ 1 3 2s (mod p), and thus κ * p = 1. Since p ≡ 1 (mod 8), it follows from the quadratic reciprocity law that p κ * = 1. In other words, p is a square in Q × κ * , and hence (B5) is true. We now verify (D1) − (D7) in Theorem 6.2. Let D, E, F and G the sets of odd primes that were defined in Theorem 6.2. It is not difficult to see that (D1), (D6) and (D7) are true. Indeed, we see that F ⊆ F * and G ⊆ G * , where the sets F * and G * were defined in the paragraph preceding Step 1.
For any odd prime l ∈ F * , it follows from (E3), (32) and (33) that
Since F ⊆ F * , we deduce that κ ≡ 1 3 (mod l 2v l (n)+1 ) for any l ∈ F * , and thus (D6) is true. Using the same arguments, one can show that (D1) and (D7) are true. We now prove that (D2), (D3) and (D4) hold. By (36), (E5), (37), (42), (43) and (44), we see that
and hence (D2) is true. By (35), (E6), (37), (42), (43) and (44), we see that
and hence (D3) is true. We now show that (D4) holds. By (33) and since κ * is an odd prime such that κ * = 3 and κ * = p, we see that D = {κ * }, where D is the set of odd primes that was defined in Theorem 6.2. By (E1) and (32), we know that
By (34), (E7), (37), (42), (43) and (44), we see that
and hence (D4) is true. Finally, we prove that (D5) holds. Since χ is an odd prime, we deduce that either E = ∅ or E = {χ}. By (E5), (E6), (E7), (E8) and (44), we deduce that
By (E8) and (38), we know that
it follows from the last congruences that gcd(χ, n) = 1, and thus v χ (n) = 0. Hence we see that in order to prove that (D5) holds, it suffices to prove that there exists an integer ζ χ with ζ χ ≡ 0 (mod χ) such
By (33) and since χ ≡ 0 (mod 3) and χ ≡ 0 (mod κ * ), we see that gcd(χ, 3κ) = 1. By (E5), (39) and (44), we deduce that
We contend that that there is an integer ρ ∈ {±1} such that ρ3κ is a square in F × χ . Indeed, if 3κ is a square in F × χ , then we let ρ = 1. Assume that 3κ is not a square in F × χ , i.e.,
(mod 4), we know that −1 is a quadratic non-residue in F × χ . Hence it follows that −3κ
which proves that ρ3κ is a square in F × χ , where ρ = −1. For the rest of the proof, fix an integer ρ ∈ {±1} such that ρ3κ is a square in F × χ . Since χ ≡ 3 (mod 4), using Lemma 7.4 with (l, x) replaced by (χ, ρ3κ), we deduce that ρ3κ is a 2 v2(n)+1 -th power in F × χ . In other words, there is an integer τ such that τ ≡ 0 (mod χ) and
We prove that gcd(χ * − 1, n * ) = 1, where n * is defined by (45). Indeed, by (E6) and (40), we know that
By (E7) and (41), we see that
Recall from (E8) and (38) that for each prime l ∈ H, we have that
it follows from (52), (53) and (54) that gcd(χ * − 1, n * ) = 1.
By (47), (48), (49) and (50) and since
we see that gcd(χ * , n * ) = 1, and hence it follows that gcd(χ * , n * ) = 1 = gcd(χ * − 1, n * ) = 1.
We recall from (46) that χ = n * Σ n * + χ * .
Hence, using Lemma 7.2 with (r, s, q, S) replaced by (χ * , n * , χ, Σ n * ), we deduce that every integer is an n * -th power in F χ . Since τ ≡ 0 (mod χ), this implies that τ is an n * -th power in F × χ . In other words, there exists an integer ζ χ such that ζ χ ≡ 0 (mod χ) and
By (51), (55) and since n = 2 v2(n) n * , we deduce that
Since either ρ = 1 or ρ = −1, we see that ρ 2 = 1, and hence it follows that
which proves that (D5) holds. Hence our contention follows.
Corollary 7.6. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n and m be positive integers such that n ≥ 2 and 1 ≤ m < n. For any positive integer r dividing m, there are infinitely many integers κ and infinitely many integers χ satisfying the following five conditions:
(ii) κ = 3 2m−1 κ r * for some odd prime κ * with κ * = 3.
be the generalized Fermat curve of signature (12n, 12n, 12n) defined by
is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction.
Proof. By Lemma 7.5, we see that for any positive integer r dividing m, there are infinitely many integers κ and infinitely many integers χ) satisfying (i), (ii), (iii) and (iv) in Corollary 7.6. For any couple (κ, χ) satisfying (i), (ii), (iii) and (iv) in Corollary 7.6, applying Theorem 6.2 for the curve F is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. Hence (v) in Corollary 7.6 holds, and thus our contention follows.
The descending chain condition on sequences of generalized Fermat curves
In this section, we will study the descending chain condition on sequences of generalized Fermat curves. We will prove that there exist infinitely many sequences of generalized Fermat curves satisfying the descending chain condition in the sense of Definition 5.1. We begin by proving the main lemma in this section.
Lemma 8.1. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n and m be positive integers such that 2m < n. Then there exist an infinite set I n,m of integers and an infinite set J n,m of integers such that for each integer κ ∈ I n,m and each integer χ ∈ J n,m , F Proof. Let I n,m be the set of nonzero integers κ and J n,m be the set of integers χ such that the following are true:
for some odd prime κ * with κ * = 3, (iii) χ is an odd prime, and (iv) (p, n, κ, χ) satisfies (D1) − (D7) in Theorem 6.2.
Using Lemma 7.5 with (m, r) replaced by (2m, 2m), we deduce that I n,m and J n,m are of infinite cardinality. Let κ be a nonzero integer in I n,m , and let χ be an integer in J n,m . Let (κ,χ) can be written in the form
Hence we see that the points (x, y, z) = ± 1 3 2 κ * , ±1, 0 belong to F (κ,χ) has at least four Q-rational points.
Since κ ∈ I n,m and χ ∈ J n,m , we know that κ satisfies (B3) − (B5) in Section 3 and the quadruple (p, n, κ, χ) satisfies (D1) − (D7) in Theorem 6.2. By Theorem 6.2, we deduce that F (n) (κ,χ) is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. Thus our contention follows.
Remark 8.2. Let (p, n, κ, χ) be the quadruple satisfying the conditions in Theorem 6.2, and assume further that n ≥ 3. Let F be the generalized Fermat curve defined as in Theorem 6.2. By Lemma 8.1 and using the same arguments as in Remark 5.4, we deduce that the signature (12n, 12n, 12n) of F is optimal in the sense that in Theorem 6.2, one can not replace n by a positive divisor m of n with m = n.
We now prove the main result in this section, which says that there are infinitely many sequences of generalized Fermat curves that satisfy the DCC of arbitrary length. Proof. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let n 0 and n 1 be integers such that n 0 ≥ 3 and n 1 ≥ 1. Set
Since n 0 ≥ 3, we see that 2m = 2n
Applying Lemma 8.1 for the triple (p, n, m), we deduce that there exist an infinite set I n,m of integers and an infinite set J n,m of integers such that for each integer κ ∈ I n,m and each integer χ ∈ J n,m , F :
We contend that the sequence
satisfies the DCC of length h in the sense of Definition 5.1. Indeed, since κ ∈ I n,m and χ ∈ J n,m , we know that F satisfies the DCC of length h in the sense of Definition 5.1. Since I n,m and J n,m are of infinite cardinality, our contention follows.
Remark 8.4. Note that there exist infinitely many sequences of generalized Fermat curves that do not satisfy the DCC of any length. Indeed, take any triple (A, B, C) of nonzero integers such that A + B + C = 0. Let n be an integer such that n ≥ 2. For each integer i ≥ 1, let F i be the generalized Fermat curve defined by
and for each integer i ≥ 1, let ψ i : F i+1 → F i be the morphism of curves defined by
Since A + B + C = 0, we deduce that for each i ≥ 1, the curve F i contains the rational point (x, y, z) = (1, 1, 1), and hence F i (Q) = 0 for each integer i ≥ 1. Thus the sequence (F i , ψ i ) i≥1 does not satisfy the DCC.
Epilogue
In Sections 4 and 6, for each positive integer n ≥ 2, we have constructed certain families of generalized Mordell curves of degree 12n and certain families of generalized Fermat curves of signature (12n, 12n, 12n) arising from rational points of the subset of X p (Q) defined by (14) in Section 3 that are counterexamples to the Hasse principle explained by the Brauer-Manin obstruction. Because of condition (B3) in Section 3, it is impossible to construct generalized Mordell curves of degree 12 and certain families of generalized Fermat curves of signature (12, 12, 12) that are counterexamples to the Hasse principle; in other words, we rule out the case n = 1 in Theorems 4.2 and 6.2. In this section, we will introduce another subset of the set of rational points on X p , which allows us to include the case n = 1 in Theorems 4.2 and 6.2. Using this subset of the set of rational points on X p and assuming Schinzel's Hypothesis H, we will prove that for each prime p such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3) and each integer n ≥ 1, there should be infinitely many septuples (A, B, C, D, E, F, G) of integers that satisfy Hypothesis FM with respect to the couple (p, n) in the sense of Definition 1.1. Using these septuples and repeating the same arguments as in Sections 4 and 6, one can show that for each n ≥ 1, there should exist families of generalized Mordell curves of degree 12n and families of generalized Fermat curves of signature (12n, 12n, 12n) that are counterexamples to the Hasse principle explained by the Brauer-Manin obstruction.
In this section, we restrict ourselves to describing a new subset of X p (Q) for each prime p that allows us to produce new families of generalized Mordell curves and new families of generalized Fermat curves that are counterexamples to the Hasse principle, but not proceeding to describe these families of curves. The interested reader can use similar arguments as in Sections 4 and 6 to construct new families of generalized Mordell curves and new families of generalized Fermat curves arising from new rational points in X p (Q) for each prime p that are counterexamples to the Hasse principle explained by the Brauer-Manin obstruction. We begin by introducing a new subset of X p (Q) for each prime p such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3).
Let p be an odd prime such that p = 3. Let λ and γ be nonzero odd integers such that gcd(λ, 3γ) = gcd(p, 3γ) = gcd(p, λ) = 1.
Since gcd(pλ 2 , 9γ 2 ) = 1, there exist nonzero integers ǫ 0 and δ 0 such that
For integers µ, t 0 , F 0 ∈ Z, we define
Note that B and C can be written in the following form
It is not difficult to verify that the point P := (a : b : c : d : e : f : g) = (A : B : C : D : E : F : G) belongs to X p (Q); hence, the septuple (A, B, C, D, E, F, G) satisfies (A1) in Definition 1.1. We see that (59) defines the parametrization of a subset of X p (Q) by parameters λ, γ, µ, t 0 and F 0 . Using this parametrization, we will show that there are infinitely many septuples (A, B, C, D, E, F, G) satisfying Hypothesis FM with respect to the couples (p, n), where n is a sufficiently large integer. The following lemma is the main result in this section.
Lemma 9.1. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Then there exist infinitely many septuples (A, B, C, D, E, F, G) ∈ Z 7 such that they satisfy (59) and (A1), (A3), (A4), (A5), (A7) in Definition 1.1, and such that for any integer n ≥ 1, they satisfy (A6) in Definition 1.1 with respect to the couple (p, n).
Proof. Let λ and γ be odd integers such that gcd(λ, 3γ) = gcd(p, 3γ) = gcd(p, λ) = 1. (61) Since gcd(pλ 2 , 9γ 2 ) = 1, there exist non-zero integers ǫ * and δ * such that
We see that ǫ 0 = ǫ * + 9γ 2 s * and δ 0 = δ * − pλ 2 s * satisfy the following equation
where s * is an arbitrary integer. For our purpose, we choose s * such that δ * + s * ≡ 2 (mod 3). Since λ ≡ 0 (mod 3) and p ≡ 2 (mod 3), we deduce that
Let (A, B, C, D, E, F, G) be the septuple of integers defined by (59), where µ, t 0 and F 0 will be determined later. It is not difficult to prove that (A, B, C, D, E, F, G) belongs to X p (Q), where X p is the threefold defined by (2) , and hence it satisfies (A1) in Definition 1.1. By (59) and (60), we see that
Here,
By (59), we see that
By the above identities, (62), and since G = 3λγ, we deduce that
where t 1 is an integer which will be chosen below in this step, and F 0 will be chosen in Step 2. By (65), one can write Q * in the form
Since gcd(27λ 3 γ 3 , p) = 1, there exist non-zero integers t 2 and t 3 such that
Take any non-zero integer π such that π is a quadratic residue in F × p , and let t 5 be any non-zero integer such that
Note that there are infinitely many such integers π and t 5 . Define
and
By (69), (71) and (72), we see that
In summary, by (66) and (71), t 0 is of the form
where t 2 is an integer satisfying (69) and t 5 is any non-zero integer satisfying (70).
⋆ Step 2. Choosing F 0 . Define
if λγ is a quadratic non-residue modulo p.
We take F 0 to be any non-zero integer such that the following are true: 
where the product is taken over all odd prime l dividing F 1 . Since p ≡ 1 (mod 8), we know that 2 is a quadratic residue in F × p . Hence it follows from (F 2) in Step 2 and the quadratic reciprocity law that By (59) and (74), we see that E = F 0 (2pF 0 (ǫ 0 + 9µγ 2 ) − 9γ 2 t 0 )(2F 0 (δ 0 − pµλ 2 ) + λ 2 t 0 ) = F 0 (2pF 0 (ǫ 0 + 9µγ 2 ) − 9γ 2 (−3λγF 0 (t 2 + pt 5 )))(2F 0 (δ 0 − pµλ 2 ) + λ 2 (−3λγF 0 (t 2 + pt 5 ))) (by (74)) = F 3 0 (2p(ǫ 0 + 9µγ 2 ) + 27λγ 3 (t 2 + pt 5 ))(2(δ 0 − pµλ 2 ) − 3λ 3 γ(t 2 + pt 5 )).
Hence we deduce that Hence (A7) holds.
Therefore, by what we have shown above, our contention follows.
Remark 9.2. Lemma 9.1 shows that for a prime p with p ≡ 1 (mod 8) and p ≡ 2 (mod 3) and an integer n ≥ 1, there are infinitely many septuples (A, B, C, D, E, F, G) defined by (59) that satisfy (A1), (A3), (A4), (A5), (A6) and (A7) with respect to the couple (p, n). It is not difficult to choose n sufficiently large so that the septuples (A, B, C, D, E, F, G) in Lemma 9.1 satisfy Hypothesis FM with respect to the couple (p, n). Such septuples produce infinitely many generalized Mordell curves of degree 12n that have no Q-rational points. More precisely, we prove the following.
Corollary 9.3. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). There exists an infinite set C p ⊆ Z 7 consisting of the septuples (A, B, C, D, E, F, G) ∈ Z 7 defined by (59) that satisfy (A1), (A3), (A4), (A5), (A7) in Definition 1.1. Furthermore, for each septuple T := (A, B, C, D, E, F, G) ∈ C p , there exists a positive real number n E,G ≥ 1 such that for any integer n > n E,G , the septuple T satisfies Hypothesis FM with respect to (p, n) in the sense of Definition 1.1, and the smooth projective model C n,T of the affine curve defined by
Proof. Let C p be the set of the septuples (A, B, C, D, E, F, G) ∈ Z 7 satisfying the following two conditions:
(i) (A, B, C, D, E, F, G) satisfies (59) and (A1), (A3), (A4), (A5), (A7) in Definition 1.1, and (ii) for any n ≥ 1, (A, B, C, D, E, F, G) satisfies (A6) in Definition 1.1 with respect to the couple (p, n). By Lemma 9.1, we know that C p is of infinite cardinality.
Take any septuple T := (A, B, C, D, E, F, G) ∈ C p , and let S E,G be the set of odd primes l such that gcd(l, 3) = gcd(l, p) = 1, l divides E and p is not a square in Q Let n be any integer such that n > n E,G . Let l be any odd prime such that gcd(l, 3) = gcd(l, p) = 1 and l divides E. If p is not a square in Q × l , then l belongs to S E,G . Hence, by definition of n E,G , we see that 6n > 6n E,G ≥ 6n * E,G ≥ v l (E) − v l (G), which proves that the septuple T satisfies (A2) with respect to (p, n), and thus it satisfies Hypothesis FM with respect to the couple (p, n). The last assertion follows immediately from Theorem 2.2.
Remark 9.4. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3), and let n be a positive integer. In order to use the septuples (A, B, C, D, E, F, G) arising from Lemma 9.1 to produce generalized Mordell curves of degree 12n and generalized Fermat curves of signature (12n, 12n, 12n) violating the Hasse principle explained by the Brauer-Manin obstruction following the approach described in Sections 4 and 6, we need to show that there exist infinitely many septuples (A, B, C, D, E, F, G) in Lemma 9.1 satisfying Hypothesis FM with respect to the couple (p, n). It suffices to show that there are infinitely many septuples (A, B, C, D, E, F, G) in Lemma 9.1 satisfying (A2) with respect to (p, n), that is,
where l is any odd prime such that gcd(l, 3) = gcd(l, p) = 1, l divides E, and p is not a square in Q × l . We will use Schinzel's Hypothesis H to prove that there should be infinitely many septuples (A, B, C, D, E, F, G) in Lemma 9.1 that satisfy Hypothesis FM with respect to the couple (p, n).
We recall the statement of Schinzel's Hypothesis H (see [11] ).
Conjecture 9.5. (Schinzel's Hypothesis H)
Let F 1 (x), F 2 (x), . . . , F n (x) be nonconstant polynomials in Z[x] such that the polynomials F 1 (x), F 2 (x), . . . , F n−1 (x) and F n (x) have positive leading coefficients and irreducible over Q. Assume that the polynomial
has no fixed prime divisor, that is, there is no prime q dividing F (m) for all integers m. Then there are infinitely many arbitrarily large positive integers x such that F 1 (x), F 2 (x), . . . , F n−1 (x) and F n (x) are simultaneously primes. Corollary 9.6. Let p be a prime such that p ≡ 1 (mod 8) and p ≡ 2 (mod 3). Let C p be the set defined in Corollary 9.3. Assume Schinzel's Hypothesis H. Let n be a positive integer. Then there exist infinitely many septuples (A, B, C, D, E, F, G) in C p that satisfy Hypothesis FM with respect to the couple (p, n).
Proof. We maintain the same notation as in the proof of Lemma 9.1. Using exactly the same words and repeating the same arguments from the beginning of the proof of Lemma 9.1 to the end of Step 3 in the proof of Lemma 9.1, we let λ, γ, ǫ 0 , δ 0 as in the proof of Lemma 9.1, and define t 0 , F 0 and H as in Steps 1, 2 and 3 in the proof of Lemma 9.1. Let (A, B, C, D, E, F, G) be the septuple of integers defined by (59), where µ will be determined now.
By (66), we see that E = F 0 (2pF 0 (ǫ 0 + 9µγ 2 ) − 9γ 2 t 0 )(2F 0 (δ 0 − pµλ 2 ) + λ 2 t 0 ) = F 0 (2pF 0 (ǫ 0 + 9µγ 2 ) − 9γ 2 (−3λγF 0 t 1 ))(2F 0 (δ 0 − pµλ 2 ) + λ 2 (−3λγF 0 t 1 )) = F 3 0 (2p(ǫ 0 + 9µγ 2 ) + 27λγ 3 t 1 )(2(δ 0 − pµλ 2 ) − 3λ 3 γt 1 ) deduce that the septuple (A, B, C, D, E, F, G) satisfies (A1) and (A3) − (A7) with respect to the couple (p, n). It remains to prove that (A, B, C, D, E, F, G) satisfies (A2) with respect to the couple (p, n).
By (93), (95) and (96), we see that E = −4F 3 0 E 1 E 2 . Let l be any odd prime such that gcd(l, 3) = gcd(l, p) = 1 and l divides E. Then either l divides F 0 or gcd(l, F 0 ) = 1 and l divides E 1 E 2 . If l divides F 0 , then it follows from (F 1) and (F 2) in Step 3 in the proof of Lemma 9.1 that p is a square in Q × l . If l does not divide F 0 and l divides E 1 E 2 , then since E 1 , E 2 are odd primes, it follows that
Thus we deduce that v l (E) − v l (G) ≤ 2 + 0 = 2 < 6n.
Thus (A, B, C, D, E, F, G) satisfies (A2) with respect to the couple (p, n). Since (A, B, C, D, E, F, G) is defined by (59), it follows that (A, B, C, D, E, F, G) belongs to C p and satisfies Hypothesis FM with respect to the couple (p, n). Hence our contention follows.
